Abstract. Continuing earlier investigations of restricted lattice walks in N 3 , we take a closer look at the models with infinite associated groups. We find that up to isomorphism, only 12 different infinite groups appear, and we establish a connection between the group of a model and the model being Hadamard.
Introduction
Since the classification project for nearest neighbor lattice walk models in the quarter plane, initiated by Bousquet-Melou and Mishna [5] , is largely completed, the analogous question for 3D models in the octand is getting into the focus [1, 2, 7] . Given a stepset S ⊆ {−1, 0, 1} 3 \ {(0, 0, 0)}, let f (x, y, z, t) = n,i,j,k a i,j,k,n x i y j z k t n be the generating function which counts the number a i,j,k,n of walks in N 3 from (0, 0, 0) to (i, j, k) consisting of n steps taken from S. The main question is then: for which choices S is the series f D-finite?
For models in 2D, it turns out that the generating function is D-finite if and only if a certain group associated to the model is finite, see for example [3, 4, 6, [8] [9] [10] [11] [12] and the references given there. The situation in 3D seems to be more complicated, as evidenced by some models having a finite group that seem to be non-D-finite [1, 2] . Among the 2 3 3 −1 models, there are (up to bijection) 10,908,263 models which have a group associated to them. For 10,905,833 of these models, their group has more than 400 elements. It was shown in [7] for all the models with at most six steps that these groups are in fact infinite. Our first result extends this result to the remaining models.
Theorem 1.
For all 3D models with a group with more than 400 elements, the group is in fact infinite.
Because of space limitations, and since the proof techniques are exactly the same as in [5, 7] , we do not give any further details. We just mention that we used the fixed point method for 10,905,634 models and the valuation method for the 199 models on which the fixed point method failed.
In this short paper, we have a closer look at these infinite groups.
Infinite Groups Associated to 3D Models
Recall the definition of the groups [2, 5] . Given S ⊆ {−1, 0, 1} 3 \{(0, 0, 0)}, let P S (x, y, z) = (i,j,k)∈S x i y j z k . Collecting coefficients of x, y, z, respectively, we can write
Then the group of S, denoted by G(S), is generated by the maps
under composition. If one of A − , A + , B − , B + , C − , C + is zero, the group is undefined. The stepsets for which this happens are in bijection with lower dimensional models, and are excluded from consideration for the rest of this paper. Another 3D model with infinite group is S 2 = {(−1, 0, 0), (1, −1, 1), (1, 0, 1), (1, 1, −1)}. However, the group for S 2 is in some sense "less infinite", because the group generators satisfy the equations (φ x φ y ) 2 = (φ x φ z ) 2 = 1. There are apparently no such relations for the group of S 1 .
Group
Number of models Group Number of models Table 1 . Groups associated to 3D models
The examples above suggest that not all infinite groups are equal. This is different from the situation in 2D, where the only possible infinite group is the infinite dihedral group. In order to understand which groups arise in 3D, we have made a systematic search for relations among the group generators. According to our computations, there are only the groups listed in Table 1 . Often, the group generators a, b, c are just the group generators φ x , φ y , φ z , but for some models, we need to change their order or apply simple substitutions such as a = φ x , b = φ y , c = φ x φ z φ x in order to match their group to one of the groups listed in Table 1 . We must also remark that the relations listed above only are those that we found, and in principle some of the groups might have further relations. Our systematic search implies that any further relation would correspond to a word of more than 400 generators, and we are quite confident that no such relations exist. However, proving the absence of additional relations is not an easy thing to do in general. We consider the two cases which are, in a sense, closest to the case of finite groups.
The smallest infinite group
We consider the models whose group is isomorphic to G 3 . The defining relations of this group can be read as rewrite rules
With this rewriting system, every group element can be written (uniquely) in a form that matches the regular expression [c](bc)
. If for any of the groups associated to the 58,642 models had an additional relation, we could also write it in this form. Any such relation however would turn the group into a finite group. Since we know from Theorem 1 that the groups are infinite, we can exclude the existence of additional equations in this particular case.
Hadamard models were introduced in [2] . They are interesting because their generating function can be expressed as Hadamard product of the generating functions of two lower dimensional models, and this makes it easier to recognize whether such a model is D-finite. Recall from [2] that a model is called (1, 2)-Hadamard if (possibly after a permutation of variables) its stepset polynomial P S can be written as
. It is called (2, 1)-Hadamard if (possibly after a permutation of variables) we have
. In the remainder of this section, we establish a connection between the group G 3 and Hadamard walks.
Theorem 4. Let S be a stepset which has an associated group. Then S is Hadamard if and only if (φ x φ y ) 2 = (φ x φ z ) 2 = 1 (possibly after a permutation of the variables x, y, z).
Proof. Suppose S is Hadamard. Then it is easy to check by a direct calculation that we have φ x φ y = φ y φ x and φ x φ z = φ z φ x .
For the converse, suppose that φ x φ y = φ y φ x and φ x φ z = φ z φ x . Then we have C+ is constant, we claim that:
We prove this claim by contradiction. Assume = 0, which completes the proof of the claim. At this stage, we can assume
and
B+ is not a constant, P S must contain a monomial m(x, y, z) involving both y and z. Then from (4), we know v 1 (x) = v 2 (x) = v(x) and every monomial of P S involving y or z has the form v(x)t(y, z). Hence P S can be rewritten as P S (x, y, z) = u(x) + v(x)t(y, z), i.e., S is (1, 2)-Hadamard. 
For a given Hadamard model S, Theorem 4 implies that any w ∈ G(S) can be written as
φ x (φ y φ z ) m , φ x (φ z φ y ) m , (φ y φ z ) m or (φ z φ y ) m . Therefore, G(S) ∼ = Z 2 × D,
The second smallest infinite group
If G 3 is the smallest infinite group in our list, then G 4 is the second smallest group. Already in this case, we are no longer able to exclude the existence of further relations. However, we do have some partial results in this direction. Among the 1,483 models with the group under consideration, there are 29 singular models. For a 3D model S to be singular means that at least one of the three projections of S to the plane is a 2D singular model (this is just one of several possible non-equivalent ways to define what a singular model is in 3D). Next we will show the absence of further relations for all the 29 singular models having the (conjectured) group G 4 via the valuation argument.
The valuation of a Laurent series F (t) is the smallest d such that t d occurs in F (t) with a non-zero coefficient, denoted by val(F ). Let t be an indeterminate and x, y, z be Laurent series in t, with coefficients in Q, of valuations u, v and w respectively. Then we can define three new transformations according to the valuation
Suppose G u,v,w (S) is the group generated by Φ x , Φ y and Φ z under composition. If G u,v,w (S) does not have any further relations besides those expected from G 4 , then G(S) ∼ = G 4 . Using a suitable rewriting system, we can show that all elements of G 4 can be brought to a form that matches the regular expression
. Thus every element in G u,v,w (S) can be written to match
Next, we will show there exists no further relation in G u,v,w (S). The idea is to find (u, v, w) ∈ Z 3 with specific properties such that Φ(u, v, w) = (u, v, w),
The reasoning is best explained with an example. 
As w > v > −u > 0, it is easy to check that −u − 2v + 3w
where
If there exist further relations in G u,v,w (S), then Equation (6) and (5) together with the fact that Φ x , Φ y , Φ z are involutions force the existence of
At this stage, we have shown that there is no other relation in G u,v,w (S). Therefore, the group associated to S is really G 4 .
The above method applies to all 29 singular models, although the conditions for the valuations differ slightly from model to model.
Conclusion
We have noted that not all infinite groups associated to octant models are equal. Instead, assuming the absence of some unreasonably long relations among the group generators not implied by shorter relations, we can identify twelve different infinite groups. Some of them are quite frequent while others are quite rare. We have seen that one of the groups signals that a model has the Hadamard property of [2] . This raises the question whether also the other groups indicate some useful combinatorial property of the stepset. So far, we have not found any such connection.
Another important question is whether some of the octant models with an infinite group have nevertheless a D-finite generating function. In view of the seemingly non-D-finite generating functions of certain models with finite group [1, 2] , we must take this possibility into account. Testing all the 10 7 models one by one does not seem computationally feasible, but maybe a reasonable starting point for such a search will be the models that have an infinite group other than G 1 . We have performed a search for recurrence relations for these models but did not find any D-finite models so far. We may have been using too little data.
We list below the models corresponding to the rare groups G 8 , . . . , G 12 . The models corresponding to the other infinite groups can be obtained from the authors. Each model is depicted by three arrangements of dots. 
